Abstract. Finding examples of tangentially degenerate submanifolds (submanifolds with degenerate Gauss mappings) in an Euclidean space R 4 that are noncylindrical and without singularities is an important problem of differential geometry. The first example of such a hypersurface was constructed by Sacksteder in 1960. In 1995 Wu published an example of a noncylindrical tangentially degenerate algebraic hypersurface in R 4 whose Gauss mapping is of rank 2 and which is also without singularities. This example was constructed (but not published) by Bourgain.
1. In the theory of tangentially degenerate submanifolds, it is important to find examples of such submanifolds since such examples illustrate the theory and prove existence of tangentially degenerate submanifolds. The first known example of a tangentially degenerate hypersurface of rank 2 without singularities in R 4 was constructed by Sacksteder [S 60 ]. This example was examined from differential geometry point of view by Akivis in [A 87]. In particular, Akivis proved that Sacksteder's hypersurface has no singularities since they "went to infinity". In the same paper Akivis presented the series of examples generalizing Sacksteder's example in R 4 and constructed a new series of examples of threedimensional hypersurfaces V 3 ⊂ P n of rank 2 whose focal surfaces are imaginary and proved existence of hypersurfaces of this kind. Note that more examples of tangentially degenerate submanifolds can be found in [GH 79] , [L 99] , [AGL 00], and in [M 94 ]. In the last paper the author constructed a family of noncylindrical tangentially degenerate hypersurfaces in R 4 admitting a 1-parameter family of isometric deformations. Note also that in [I 98, 99] [I 98, 99] ). In the present paper we investigate Bourgain's example from the point of view of the paper [A 87] (see also Section 4.7 of our book [AG 93] ). In particular, we prove that, as was the case for Sacksteder's hypersurface, the Bourgain's hypersurface has no singularities since they "went to infinity". In addition, we prove that upon to a coordinate transformation, the examples of Bourgain and Sacksteder coincide.
2. In Cartesian coordinates x 1 , x 2 , x 3 , x 4 of the Euclidean space R 4 , the equation of Bourgain's hypersurface is
(see [W 95] or [I 98, 99] ). Equation (1) can be written in the form
Make in (2) the following admissible change of Cartesian coordinates:
Then equation (2) becomes
Introduce homogeneous coordinates in R 4 by setting
Then equation (3) takes the form
Equation (4) defines a cubic hypersurface F in the space R 4 = R 4 ∪ π ∞ which is an enlarged space R 4 , i.e., it is the space R 4 enlarged by the hyperplane at infinity π ∞ (whose equation is z 0 = 0). Denote by A α , α = 0, 1, 2, 3, 4, fixed basis points of the space R 4 . Suppose that these points have constant normalizations, i.e., that dA α = 0. An arbitrary point z ∈ R 4 can be written in the form z = α z α A α . We will take a proper point of the space R 4 as the point A 0 , and take points at infinity as the points
Equation (4) shows that the proper straight line A 0 ∧ A 4 defined by the equations z 1 = z 2 = z 3 = 0 and the plane at infinity defined by the equations z 0 = z 4 = 0 belong to the hypersurface F defined by equation (4).
We write the equations of the hypersurface F in a parametric form. To this end, we set
Then it follows from (4) that
This implies that an arbitrary point z ∈ F can be written as
The parameters p, u, v are independent nonhomogeneous parameters on the hypersurface F .
3. Let us find singular points of the hypersurface F . Such points are defined by the equations ∂F ∂z α = 0. It follows from (4) that
All these derivatives vanish simultaneously if and only if z 0 = z 4 = 0. Thus the 2-plane at infinity σ = A 1 ∧ A 2 ∧ A 3 is the locus of singular points of the hypersurface F . Consider a point B 0 = A 0 + pA 4 on the straight line A 0 ∧ A 4 . By (4), to the point B 0 there corresponds the straight line a(p) in the 2-plane at infinity σ, and the equation of this straight line is
The family of straight lines a(p) depends of the parameter p, and its envelope is the conic C defined by the equation
The straight line a(p) is tangent to the conic C at the point
Equation (9) is a parametric equation of the conic C. The point dB 1 dp = −2(A 2 + pA 3 )
belongs to the tangent line to the conic C at the point B 1 (p).
Consider the 2-planes τ = B 0 ∧ B 1 ∧ dB 1 dp . Such 2-planes are completely determined by the location of the point B 0 on the straight line A 0 ∧ A 4 , and they form a one-parameter family. All these 2-planes belong to the hypersurface F . In fact, represent an arbitrary point z of the 2-plane τ in the form z = αB 0 + βB 1 − 1 2 γ dB 1 dp = αA 0 + βA 1 + (−2pβ + γ)A 2 + (−p 2 β + pγ)A 3 + pαA 4 .
The coordinates of the point z are
Substituting these values of the coordinates into equation (4), one can see that equation (4) is identically satisfied. Thus the hypersurface F is foliated into a one-parameter family of 2-planes τ (p) = B 0 ∧ B 1 ∧ dB 1 dp .
In a 2-plane τ (p) consider a pencil of straight lines with the center B 1 . The straight lines of this pencil are defined by the point B 1 and the point B 2 = A 2 + pA 3 + q(A 0 + pA 4 ). The straight lines B 1 ∧ B 2 depends on two parameters p and q. They belong to the 2-plane τ (p), and along with this 2-plane they belong to the hypersurface F . Thus they form a foliation on the hypersurface F .
We prove that this foliation is Monge-Ampère's foliation. In the space R 4 , we introduce the moving frame formed by the points
It is easy to prove that these points are linearly independent, and the points A α can be expressed in terms of the points B α as follows
Consider a displacement of the straight lines B 1 ∧ B 2 along the hypersurface F . Suppose that Z is an arbitrary point of this straight line,
Differentiating (15) and taking into account (14) and dA α = 0, we find that
It follows from relation (16) that 1. A tangent hyperplane to the hypersurface F is spanned by the points B 1 , B 2 , B 0 and B 3 +qB 4 . This hyperplane is fixed when the point Z moves along the straight line B 1 ∧ B 2 . Thus the hypersurface F is tangentially degenerate of rank 2, and the straight lines B 1 ∧ B 2 form Monge-Ampère's foliation on F .
2. The system of equations 2qdp + λdq = 0,
defines singular points on the straight line B 1 ∧B 2 , and on the hypersurface F it defines torses. The system of equations (17) has a nontrivial solution with respect to dp and dq if and only if its determinant vanishes: λ 2 = 0. Hence by (15), a singular point on the straight line B 1 ∧ B 2 coincides with the point B 1 . For λ = 0, system (17) implies that dp = 0, i.e., p = const. Thus it follows from (9) that the point B 1 ∈ C is fixed, and as a result, the torse corresponding to this constant parameter p is a pencil of straight lines with the center B 1 located in the 2-plane τ (p) = B 0 ∧ B 1 ∧ B 2 .
3. All singular points of the hypersurface F belongs to the conic C ⊂ π ∞ defined by equation (8). Thus if we consider the hypersurface F in an Euclidean space R 4 , then on F there is no singular points in a proper part of this space.
4. The hypersurface F considered in the proper part of an Euclidean space is not a cylinder since its rectilinear generators do not belong to a bundle of parallel straight lines. A two-parameter family of rectilinear generators of F decomposes into a one-parameter family of plane pencils of parallel lines.
4. In conclusion we will prove the following theorem:
Theorem 1 Up to a coordinate transformation, Bourgain's hypersurface defined by equation (1) coincides with Sacksteder's hypersurface.
Proof. We write equation (1) of Bourgain's hypersurface in the space R 4 in projective coordinates z 0 , z 1 , z 2 , z 3 , z 4 in the form (4):
In an Euclidean space R 4 , in Cartesian coordinates x 1 , x 2 , x 3 , x 4 , the equation of the hypersurface of Sacksteder (see [S 60] ) has the form
Make the following substitution in equation (18): 
Make a change of variables z 1 = x 4 − x 1 , z 2 = −2x 2 , z 3 = x 1 + x 4 , z 0 = u, z 4 = v.
As a result, we reduce equation (20) to equation (4). It follows that Sacksteder's hypersurface defined by equation (18) is an algebraic hypersurface of third order.
